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Abstract 

We study the smoothness of the density of the solution to the nonlinear 
heat equation dtu — Cu + a{u)'w on a torus with a periodic boundary 
condition, where £ is the generator of a Levy process on the torus. We 
use Malliavin calculus techniques to show that the law of the solution has 
a density with respect to the Lebesgue measure for alH > and x G R. 
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1 Introduction and the main result 

Let x)}t>o.2;e[o,27r] denote space-time white noise on the torus T, and let 
cr : R R be a nice function. For every T G [0, oo], we define Et := [0, T] x T, 
and let E denote E^o = IJy^gET. We aim to establish a sufficient condition 
that ensures that the solution to the parabolic stochastic partial differential 
equation [SPDE] 

dtu{t, x) — Cu{t, x) + a{u{t, x))'w {t, x) e E, 

0) = u(t, 27r) i>0, (1.1) 

m(0, x) = uo{x) a; e T, 

has a density which is smooth at all i > and x e T. Here £, is the L^(T)- 
generator of a Levy process X := {Xt}t>o^ and acts only on the variable x, 
and Mo is a bounded, measurable real function on T. We denote by C^(R) the 
space of all smooth functions on R which are bounded together with all their 
derivatives. Let : Z — C denote the characteristic exponent of X normalized 



so that Ecxp(mXt) = cxp{—t<P{n)) for all n E Z and t > 0. In other words, 
is the Fourier multipher of C and C{n) = —<P{—n) holds for ah n e Z. The 
central result of this work is the the following. 

Theorem 1.1. Let u be the mild solution to the equation (1.1), where a e 
C^(R) and suppose that there is a k > such that a > k > 0. Assume that 
there exist finite constants c, C > and 1 < a < /? < 2, such that 

c\n\" < Re#(n) < C\nf, (1.2) 

for all n > 1. If a > 2/3/(/3 + 1), then u{t,x) has a smooth density at every 
t > and X €T. This holds, in particular when 



< ${n) Vn > 1, 



where < e < |. 



In Hypothesis HI below, we will discuss briefly how the existence of the 
mild solution imposes a restriction on the underlying Levy process X. We 
would like to remark that when (1.1) is linear, if a, /3 < 1, then a solution does 
not exist. This observation might explain why we need the condition a > 1 in 
Theorem 1.1. 

A significant byproduct of our method is the existence of finite Liapounov ex- 
ponents for the Malliavin derivatives. Indeed, the existence of Malliavin deriva- 
tives is proven to be connected closely to the growth of t — > Dvn{t.x), where 
Vn{t,x) is the approximating function in Picard scheme. The choice of our 
family of seminorms allows us to interpret this growth as a result about the 
Liaponov exponents of the the Malliavin derivatives. More specifically we have 
the following result : 

Theorem 1.2. Let u = u{t,x) be the solution of (1.1). Under condition HI 
below, u G D™'^' for all m > 1 and p> I, and 

limsup < DO. (1.3) 

i— >oo t 

Malliavin's calculus is an appropriate tool for the study of the existence 
and regularity of densities of functionals on the Wiener space. This method is 
normally implemented in two steps: 

Step 1 is to prove the existence of the Malliavin derivatives of all order, and 

Step 2 is the study of the corresponding Malliavin matrix and existence of the 
negative moments. 

In "Step 1" we offer a new method, which, in contrast to the other works, 
does not rely on the approximations that use the properties of the transition 
probabilities of the Levy process. This feature of our proof has enabled us to 
prove the Malliavin differentiability of the solution for all Levy processes, for 
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which the existence of the mild solution is proved. To emphasize, we mention 
that the conditions stated in terms of a and /3 are not used in this step. 

In "Step 2" we followed carefully [2, pages 97-98], and could find an "e-room" 
to extend the results from Brownian motion to a large groiip of Levy processes, 
characterized by the rate of the growth of their Levy exponents. 

The idea for the existence and uniqueness of the solutions to (1.1) come 
from [4] and [3]. A linearized version of (1.1) on R, with vanishing initial data, 
in which the noise is additive, i.c, 

dtu{t, x) = Cu{t, x) + w, , . 

u(0,a;)=0, ^ ' 

is studied by Foondun et al. in [4]. They have shown a one-to-one correspon- 
dence between the existence of a unique random field solution to (1.4) and the 
existence of the a local time for the symmetrized underlying Levy process X, 
where 

Xt=Xt-X[ Vi>0, (1.5) 

and X' = {Xt\t>o is an independent copy of X . 

In [3], the authors consider a multiplicative white noise and study the exis- 
tence and uniqueness of the mild solution to the equation 

diU = Cu + a{u)w t > 0, a: e R (\ Q) 

u{x,Q) = uo{x) x S R 

with a nonnegative initial data uq. In this paper, Foondun and Khoshnevisan 
combine the existence result of [4] with a theorem of Hawkes [5] to show that 
(1.6) has a strong solution if and only if v{j3) < oo, for some /3 > where 



27r 7_^/3 + 2Re^(e)' 

where ip denotes the characteristic exponent of X. Therefore, it is natural to 
consider a solution to equation (1.1) under a similar condition. We define 

1 °° 1 



47r2 ^ /3 + 2Re<?>(n)' 



It is clear from the definition of <!? in (2.4) below, that T{(3) < oo for some /3, 
when Hypothesis HI below holds. The function T continues to have a crucial 
role in "Step 1." The convergence of all Picard iterations relies on the fact that 
T(/3) as /3 cx). 

The rest of of this paper is organized as follows. In section 2 we collect some 
results about Levy processes that are relevant to our results. At the end of this 
section we also state the result for existence and uniqueness of the solution to 
equation (1.1). Our proof for this result follows closely the proof in [3] and we 
avoid to repeat it here. In section 3 we review elements of the Malliavin calculus 
as economically as possible. In section 4 we show that the Malliavin derivative 
of u of all order exists; here u = u{t, x) is the solution to (1.1). In Section 5 we 
analyze the Malliavin matrix. 
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2 Levy processes on the torus 

In this section wc review sonic results about Levy processes. This material will 
he used in sequel. Let {Yt} be a Levy process on R, with tp as its characteristic 
exponent; i.e, 

EgiA(n+t-n) ^ e-*'^(A)^ s, t > 0, A e R. (2.1) 

As we discussed before — see the paragraph before (1.5) — we assume the fol- 
lowing: 

H 1. Let Yt = Yt —Y{, where Y' is an independent copy fY. Yt has a local 
time. Results from [5] imply that T(/3) < oo, for all /3 > 0. 

Then Lemma 8.1 in [4] tells us that under hypothesis HI process Yt has 
transition density {pt{x,y)} such that jrj.pt{x,y)'^ dy < oo for all x GT. 
Let T := [0, 27r). Define a process Xt on T, via Yt, by 

Xt = Yt-2mr when 2n7r < < 2(n + l)7r. (2.2) 

Let {qt{x, •)}xeT denote the transition probability density for the process X. 
A simple calculation shows that the transition densities of X are given by 

oo 

qt{x,y)= pt{x,y + 2mr) \/x,yeT. (2.3) 

n=— oo 

Let us introduce a function : Z — > C by 

<P{n) = ip{n) n G Z (2.4) 

As it is shown below, is the characteristic exponent of the process X. For 
g G L2(T) we have 

oo 

g{x)= 9{n)e-'"\ 

n=—oo 

where 

gin) = ^ f e^^^g{x)dx. 

Since qt (x, y) is a function of y — x for each t > 0, we occasionally abuse notation 
and write qt{y — x) instead of qt{x, y). 

Lemma 2.1. Under Hypothesis HI, qt{x, ■) G L^(T) for all x gT and t > 0. 
Furthermore, 

oo 

g,(x,n) = -e-e-**("), \\qt{.)\\l.^^^ = ^ ^ ,-2tRe*(n)^ ^2.5) 

n=— oo 

and 

1 °° 

qt{x,y) = — Yl e^"^e-**(")e-^"^ (2.6) 

n= — oo 
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Proof. To show that qt{x, •) G i^([0, 27r)) we need only to show that its Fourier 
coefScients are in £^(Z). We can write qt in terms of <P as follows: 

qt{x,n) = — / e-J' qtiy - x)dy = — e^^ / e'^'ptiz) dz = e'"-e-**(").(2.7) 

Therefore, <P is the characteristic exponent of the Levy process Xt- To prove the 
second formula, we need only to show that the sum in (2.5) converges, because 
then this equation would be the Parseval identity. An application of Fubini and 
HI imply that 

poo 

/ E = 47r2T(/3) < 00 (2.8) 

^ n— — oo 

Therefore, by then the continuity of the integrand, 

oo 



n— — oo 



Therefore X]^-oo ^- < oo for all t > 0. Finally, (2.6) is a consequence 

of the inversion formula. □ 

The transition densities qt induces a semigroup on L^{T) defined by 

Ttf{x) = E^f{Xt) = [ f{y)qt{x,y)dy. (2.9) 
Jt 

Lemma 2.2. The semigroup operator defined in (2.9) is a convolution operator 
and 

oc 

Ttf{x)= J2 e-'''^e-'*(-")/(n). (2.10) 

n= — oo 

Proof. Since 

Ttfix) = I /(2/)i- ( f; ^^n.^-mn)^-^ny\ 
\,n= — cx> / 

then an application of Fubini gives us the result. □ 

Let £ be the generator of Xt in L? sense. This means 

lin, Ttfix) - fix) 
t-yO+ t 

whenever the limit exists. It is natural to define 

T>om[C\ ■.= ^ip& L^iT) : ^(v?) := ^lim exists in ^^(t) 

Next, we characterize Dom[£] in terms of the characteristic exponent. 
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Proposition 2.3. We have 

Bom[£] = heL^T): \<^{-n)\'\f{n)\' < oo\ . 

\ n= — oo ) 

Proof. From the definition and the continuity of the Fourier transform, 

£/(n) = ^lim > = Cf{n) = f{n) lim^ = -^(-n)/(n) 

Then <l>{—n)f{n) S ^^(Z), which equivalent to what we wanted to prove. □ 

Therefore £ can be viewed as a convolution operator with Fourier multiplier 
£(n) = — <P(— n). We state the result as follows. 

Lemma 2.4. The L^(T) generator L ofT^ can be written as 

oo 

Cuo{x) = - ^ e'"^^(-n)uo(n) a;e[0,27r), (2.11) 

n=— OO 

for all uo ei2(T). 

We borrow the following lemma from [3]; it plays a key rule in the proof of 
the existence of Malliavin derivatives. 

Lemma 2.5. For all /3 > 0, 

POO 

supe-'^* / ||g,||i.(^)ds< / e-'^^||(z,||i.(^)ds = T(/3). (2.12) 
t>o Jo Jo 

Proof. The inequality is trivial. The equality follows from (2.5) and (2.7), 

poo poo 

Jo Jo „=i 

This finishes the proof. □ 

The following results are used in "Step 2" of our proof, i.e the existence of 
the negative moments. 

Lemma 2.6. Let 1 < a < 2. There is C G (0, oo) such that 

oo 

limA" ^e-"°^ = C. (2.13) 
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Proof. The proof of this lemma for a = 2 is given in [2, pages 34-35], and some 
minor changes give tlie proof for a < 2. □ 

Next we introduce the second hypothesis of the paper. 

H 2. Assume there are 1 < a < /3 < 2 and < Ci < C2 such that 

Ci|n|" < Re^(n) < C2\nf. (2.14) 

Corollary 2.7. Let ??(n) denotes the Levy exponent of a Levy process with 

transition probability q = qt{x). If$ satisfies Hypothesis 112, then, fort € [0,T], 
there are constants < Ai < A2 depending on T, such that 

1. For all t > 0, 

^1*"^ < ||«tili^(T) <^2i-°; (2.15) 

2. For any 6 G (0,T), 

AiS^-i < \\qt\\l2n.dt<A26^-i. (2.16) 
Jo 

Proof. We prove only the first part; the second part is obtained by integration. 
(2.14) and (2.5) imply that 

00 00 

J2 e-2*^=W^ <4^2||^^||2^^^^ < J2 e-2*^iH". (2.17) 

n=— 00 n= — oo 

The first inequality in (2.17) implies that 

^ oo 
^ ^ n= — oo 

By (2.13) the right-hand-side of (2.18) converges to a number Bi > 0. Therefore 
there is an ei > such that 

t'/^\\qt\\h(T^>B,/2 Vte(0,ei). 

To extend the inequality to t € (0,T), we note that by (2.13), qt ^ and is 
continuous for t > 0. Therefore, there is > such that 

i'^''lktlli^(T) VtG(0,T). (2.19) 

Similarly, the second inequality in (2.17) implies that there is A2 such that 

t^^^htWh^T) <A2 Vi e (0,T). (2.20) 

(2.19) and (2.20) imply (2.15). □ 
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2.1 The mild solution, existence and uniqueness 

Equation (1.1) is formal; we interpret it, in the Walsh sense, as the solution to 
the integral equation 

u{t,x) =v{t,x) + / a{u{s,y))qt-s{y - x)w{dsdy), (2.21) 
Jo Jo 

where the integral on the right is with respect to white noise, which also defines 
the a filtration {J-'t}t>o via 

J^t = (T {w{[0, s]xA),0<s<t, and A G B(T), X{A) < oo) , 

where A is the Lebesgue measure on T, normalized to have mass 1. In (2.21) a 
solution u satisfying (2.21) is called the mild solution to (1.1), if 

sup 'E{\u{t, x)f) < 00 for all T < oo. 

(t,x')e[0,T]xT 

We assume J^t satisfies the usual condition for all t > 0. To introduce and 
analyze the properties of the solution, we introduce the following family of 
semi-norms: For any T £ [0, oo] and integers p>2 define 

||/||;3,p,T := ( sup sup e-^*E(|/(t,x)nl ^^ (2.22) 

When T = 00, we write instead of ||/||^,p,oo- 

Remark 2.8. In this paper there are two families of semi-norms, indexed by 
two parameters. One is defined in (2.22), when T = oo, which always comes 
with parameter P, and the other one is the norm \\ ■ \\k,p, on space D*''*', which 
is indexed by integers such as k,m,n etc., and p. For the sake of clarity, in 
sequel, when these two norms are both used, we will use a new notation defined 
by (4.16). 

Theorem 2.9. Under the hypothesis HI, (1.1) has a solution u that is unique 

up to a modification. The solution is bounded in j| • ||p.^ norm, for some some 
/3 > 0, and all p > 2. Furthermore, when uq is continuous, u is continuous in 
LP(P) for all p>Q. 

Proof. It is easy to check that, if we substitute t = Q, then u{Q,x) = u{x), and 
also, if the solution exists, then u{t, 27r) = u{t, 0). Notice that if v is defined by 

v{t, x) = TtUo{x) {t, x) e E, (2.23) 

then V satisfies dtv{t,x) = Cv{t,x) weakly Furthermore, the periodic condition 
v{t,Q) — f(i, 27r) on T and the initial condition v{Q,x) = uo{x) are satisfied. 
That is V is the Green's function for the operator dt — C. We consider the 
following Picard iteration. Define t;o(t, a;) = Ttu^ix), and for n > 1 set 

Vn+i{t-,x) = vo{t,x) + I I qt-r{x,z)a{vn{r,z))w{drdz). (2.24) 
Jo Jo 
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Then the existence of of the solution boils down to the convergence of u„. We 
know for example, that lim„_^oo \\vn — = 0. For more details check Theo- 

rems 2.1 and A.l in [3]. □ 



3 Elements of Malliavin's calculus 

Most of this section is borrowed from [6] and [8]. Let C^(R") denote the space 
of the smooth real- valued functions / on R", such that / and all its partial 
derivatives have at most polynomial growth. 

Let ^ denote the class of smooth random variables such that a random 

variable F € .V has the form F f{w{hi),--- ,w{hn), where / e C^(R^), 
hi € H := L'^{Et), and w{hi) denotes the Wiener integral 



w{hi) 



pT i'2-!T 

/ / hi{t,x)w{dx dt), l<i<n. 
Jo Jo 



A stochastic process u = {u{t, x),t > 0,0 < x < 27r} is called adapted if u{t, x) 
is J^t measurable for any {t >0,x)g Et- 

Fix a (finite or infinite) time interval [0,t], and denote by L^([0,i] x il) the 
set of square integrable and adapted processes. The Skorohod integral is an 
extension of the Ito integral in the following sense: 

Proposition 3.1. c Dom(5, and the operator 5 resricted to coincides 
with the ltd integral, that is 



6iu) = f [ 
Jo Jo 



2-K 

u{t,x)w{dx dt). (3.1) 



Proposition 3.2. Suppose F e Li^i^), and let Jn denote the projection to the 
nth Wiener chaos. F e D*^'^ if and only if 

oo 

^n'=||J„F||i.(n) <oo. (3.2) 

n=l 

To apply the Malliavin calculus to our problem, we usually need to compute 
the Malliavin derivatives of the integrals. In this regard the following proposition 
is useful. 

Proposition 3.3. If u ^ D^'^ and Dt.xU G Dom(5. then 

Dt,xS{u) = 6{Dt,^u) + u{t, x). (3.3) 

Proposition 3.4. Let {Fn, n > 1} be a sequence of random variable converging 
to F in LP(fl) for some p > 1. Suppose that for some k > 1, 

sup||i^„||fe,p < 00. (3.4) 

n>l 

Then F belongs to D'^'P, and the sequence of derivatives {D'^Fn, n > 1} con- 
verges to D''F in the weak topology of LP{il;H). 
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Remark 3.5. The space D-'^'^(L^(T)), denoted by L^ "^, coincides with the class 
of processes u G L^(T x f2) such that u{t) S D^'^ for almost all t £ T, and 
there exists a measurable version of the two-parameter process DgUt verifying 
E Jj, Jj,{DsUt)^ n{ds)n{dt) < 00. This space is included in Dom5. 

Proposition 3.6. Suppose that u G L^'^. Furthermore assume that the follow- 
ing two conditions are satisfied: 

1. For almost all {s,y) £ E the process {Ds,yu{r,z),{r,z) € E} is Skorohod 

integrable; 

2. There is a version of the process 

r2w 



^ ^ D,,yu{r,z)W{dr,dz),{s,y)eE^ 



which is in L'^{fl x E). 
Then 6{u) G D^'^ and we have 

D,,y{S{u))=u{s,y)+ [ I D,,yu{r,z)W{dr,dz). (3.5) 
Jo Jo 

li F = {F^, ■ ■■ , F") is a random vector with G D^'^, then we define its 
Malliavin matrix to be 

7F = {{F\F^))l<ij<rr,. 

Before we state the main theorem we introduce the following. 

Definition 3.7. We say that a random vector F = {F^, ■ ■ ■ , f ") is nondegen- 
erate if it satisfies the following conditions: 

1. F' G D°° for alH = !,•■• ,to; 

2. The matrix satisfies E[det'yp)^P] < oo for all p > 2. 

The following is a key result. 

Theorem 3.8. If F = (F^, • • • ,F") is a nondegenerate random vector, then 
the law of F possesses an infinitely-differentiable density. 

While Proposition 3.6 allows us to prove an integral is in D^'^ it falls short of 
telling us whether or not it belongs to D^'^ for p> 2. The following proposition, 
which is a result of Meyer's inequality (see [6] page 72) states the required 
conditions for going from j; = 2 to p > 2. 

Proposition 3.9. Let F be a random variable in D*^'", where a > 1. suppose 
that D'F belongs to Lp{CI, if®') for i = 0,1, - ■ ■ ,k, and for some p > a. Then 
F G D'^'P. 
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4 The Malliavin derivatives of the solution 



In this section we assume that a G C^(R) and the underlying Levy process 
satisfies HI. 

Remark 4.1. We occasionally use the symbol " < " in our proofs. By X <Y 
we mean there is a positive C such that \X\ < CY. We might also subscript 
this by a parameter to denote dependence on this parameter. 

The main result in this section is the following. 

Theorem 4.2. If u is the solution to the Eq. (2.21) then u{t,x) G D°° for 
almost all {t,x) e [0,r] x [0, 27r]. Furthermore 

Dlu{t, x) = qt-s{x, y)Dl-\{s, y) + / qt-r{x, z)D'^a{u{r, z))w{dr, dz), 

Jo Jo 

(4.1) 

where a e Ej,. If a = ((si,yi), • • • , {sk,yk)) is a string of k pairs in E^, then 
(s,y) refers to the pair with the largest first coordinate, i.e., s = si V • • • V s/j. 
By eliminating (s, y) from a we obtain a. We refer the reader to the section 4.2 

for more details on the notations. 

We have a sequence of random functions u„, defined through the Picard 
iteration (2.24), which converge to m in || • ||^^p, for /3 sufficiently large, and con- 
sequently in L'P, for all (t, x) £ Et and p > 1. We would like to use Theorem 3.4 
to show that u G U'^'P for all p > 1 and A: = 1, 2, • • • . Therefore the first step is 
to show that w„'s are in D'^'P for all k and p. Then we need to show that D'^Vn's 
are convergent weakly for all fc > 1; i.e; it is sufficient to have 

SUp\\Vn{t,x)\\k,p < OO, 
n 

where the || • \\k,p is the norm of D'^'^' space. To this end we need a quantitive 
bound on the growth of Malliavin derivatives as well. We carry out this task 
by induction. The case n = 1; i.e., Vn{t,x) G D^'^ is the subject of subsec- 
tion 4.1. The second subsection is devoted to introducing a few notations and 
some technical lemmas that will allow us to go from the first derivative to the 
higher-order derivatives in the upcoming subsection. The third subsection deals 
with the fc'th derivatives of w„'s and the short final subsection concludes the 
this section with proving main result of this section i.e.. Theorem 4.2. 

4.1 The first derivative 

Proposition 4.3. If the Vn 's are defined by (2.24), then Vn G D^'*' for alln > 0, 
and: 

1. Dvq = and 

Ds,yVn+i{t,x) =qt-s{x,y)a{vn{s,y)) (4.2) 

pt pI'K 

+ / qt-r{x, z)Ds^ya{vn{r, z))w{dr,dz). 
Jo Jo 
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2. For all n>0, andT G [0, oo), 

\\^^Vn+i\\lp,T < CpLip,,T(2/3/p) (1 + \\r\Jl^^j,) , (4.3) 
where Tj,^/ = \\Df{t,x)\\H, and 



Lip^, = 2 max 



I sup \a{x)f,svLp \a'{x)f \ . 



Proof. We need to mention that Ds,y(j{vn{r,z)) = when r < s; i.e., the 
integral vanishes on the subinterval [0, s]. 

We proceed by applying induction on n. We will find that the proofs of these 
three conclusions go hand in hand, i.e., we use (4.3) for n = no to show that 
Vno+i is in D^'^, with a derivative which satisfies (4.2). Then we use (4.2), to 
show (4.3) holds for n = no + 1- 

For n = all these three conclusions hold vacuously. Next assume (4.3) 
holds for Vn, then Vn+i G D^'^ and (4.2) holds by Proposition 3.6. Here we 
will not go through the details to show this, as we will do this later for the 
derivatives of higher order [see subsection 4.2 below]. Next, we show that (4.3) 
holds for Vn+i- Since 



Ds,yVn+i{t-,x) = qt-six,y)a{vn{s,y)) 

rt /.2-n- 

+ 

/O ^0 



(4.4) 



/ / qt-r{x,z)Ds,y(T{vn{r,z))w{dr,dz), 
Jo Jo 



then by the triangular inequality for the H norm 

/ rt X 1/2 

^IxVn+i < sup|cr(a;)| ij^ \\qs\\l2^T)ds 



t f-2ir 
^0 



L /.27r 



^0 



qt-r{x, z)Ds,y(T{vn{r, z))w{dr, dz) 



1/2 



dyds 



Take the L^ip) norm from the both sides. Since, by the chain rule 
Ds,y(^{vn{r,z)) = (j'{vn{r, z))D,^yVn{r,z), 
and by the Burkholder's inequality for the Hilbert space-valued martingales, 

E qt-r{x,z)Ds,y(j{vn{r,z))w{dr,dz) 

Jo Jo H 

<pE^ ql_,{x,z)\\D,,ya{vn{r,z))fHdzdr\ 

<sup|<7'(x)|^'E / / ql_^{x,z)\\D,,yVn{r,z)\\%dzdr] , 
xeT \Jo Jo / 
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we obtain 

1/2 



W^lxVn+ihpici) <p sup |cr(a;)| \\Qs\\l2^T)ds 

+ sup \a'{x)\ |e f / [ q^_,{x, z)\rl^,Vnfdzdr) 
xeT \Jo Jo J 



i/p 



Now, apply Minkowski's inequality [dP x dzdr] to the last term to switch the 
expectation and the double integral, as follows 

l|r*>„+i||i 



p(n) 

(nt ft f-l'K 

/ lks||i2(T)rfs+ / / (^^_^{x,z)\V\^^VnfLv(n)<dzdr 
Jo Ja Jo 



\\'ls\\h^T)ds + \\r'vn\\lj,,Tj^ ^ \l,{x,z)e^^^/Pdzdry 



where the last inequality follows from the trivial inequality 

llr,\.«„|lip(o) < e'^^-^nr^VnWlp^T {r,z) e [0,T] X T. (4.5) 

Therefore if we change the variable t — r — > r in the second integral, and multiply 
the inequality by e~'^^*^P we arrive at 



<, Lip,, [e-'^'^pj^ hs\\hiT)ds + Wr'vJlpJ^ hr\\h(,T)e^'''-/^dr 

<^ Lip,,T(2/3/p) {1 + \\TW\\Ip,t) 



where the last inequality follows from Lemma 2.5. By optimizing this expression 
over all t € [0, T] and all x € T we arrive at 

l|r'^^n+i||^,p,T < CpLip,,T(2^/p) (1 + WT'vnWl^^j,) . (4.6) 

This proves that ||_Dw„_|_i ||h G LP{SI), and so Vn+i{t,x) e D^'^", for all {t,x) G 
Et by Proposition 3.9. □ 

Proposition 4.4. If u — u{t,x) be the solution to the Eq. (2.21), then u{t,x) £ 
D^'P and Du satisfies (4.1); i.e., 



Ds^yu{t,x) = qt-s{x,y)u{s,y) + / qt-r{x,z)Ds,ya{u{r,z))w{dr,dz). 

Jo Jo 

(4.7) 



Proof. The fact that u G D^'^ follows easily from the bound (4.6), because by 
iterating this bound we get 

||rV|||,p<a + a2 + ••■ + «", 
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where a := CpLip^,T(2/3/p). Since lim^^oo Tr(/3) = 0, we can choose ^ > 
sufficiently large so that a < 1 and consequently we get 

SUp||r^^;n|||,p,T<T^<00. (4.8) 
n r ct 

Then u{t,x) G D^'^, by Proposition 3.4. Then Proposition 3.9 proves that 

u{t,x) G D^'P for all p> 1. Since the right-hand-side of (4.8) is independent of 
T, it holds for T = oo. Because of this, in the rest of the paper, we only work 
with the norm || • 

In order to derive (4.7), it suffices to show that 

\\T'^{vn-u)\\i3^p^0, asn-)-oo, (4.9) 

where 

Tl,u := \\Duit,x)\\H. 

By the triangular inequality, applied first to the H norm and then to the Lp{^1) 
norm, and squaring both sides, we have 



-||ri(t;„+i-u)||i,(^.<{E||9,_.(x,*)Kt;„(.,*))-a(«(.,*))]||^}^/^ 



1 

2 11^ y^n+i - ";iiiP(Q) 

e" ' ' " ' 



/ / qt-r{x,z)D[a{vn{r,z)) - a{u{r,z))]w{dr,dz) 
Jo Jo 



H 



Since a is Lipschitz, by applying Minkowski's inequality to the first term and 
Burkholder's inequality followed by Minkowski's inequality to the second term, 
we get 



<^\\^l,x{vn+i - u)\\%^^-^ < / / q'^_^{x,y)\\vn{s,y)-u{s,y)\\l^(^^^dyds 

+ Qt-rix, z) \\V\^{(j{vn) - dzdr. 

Then, by (4.5) and Lemma 2.5 we obtain 

C\\TlAvn+i - «)||ip(o) < \\vn - uf^^^ e-^^^'^T {2(5 / p) 

+ \\T\a{vn)-a{u))f^^e^P'/^T{2P/p), 

where C depends on Lip^/, and Cp, the constant in Burkholder's inequality. 
After we optimize on t G [0, T] and x G [0, 27r], we have 

||ri(^;„+i - u)\\l^ < Cp^p^,, (||«„ - u\\l^ + \\r\aiv„) - a(w))|| J J , (4.10) 

where Cp,p^a' as /3 — > oc. Since 

D[(j{Vn{r,z)) - a{u{r,z))] = CT'(v„(r, z))[L»u„(r, z) - Du{r,z)\ 

+[a'{vn{r, z) - a{u{r, z))]Du{r, z), 
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then by applying the triangular inequality, and considering the boundedness 
and the Lipschitz property of a' we obtain the following: 

CTj,z(<^(^n) - < ^l,ziPn -U) + \Vn{r, z) - u{r, z)\rl.^^U. 

Therefore, 

C\\rl^,{a{Vn) - (T{u))y,p < \\T\vn - + ||K - u)T\y,p. (4.11) 

By optimizing over {t,x) € Et and substituting in (4.10) we obtain 

\\T\vn+i - u)\\l^ < C^,p,.'(lkn - + ||(«„ - u)T^u\\l^ (4.12) 

+ l|r^K-«)llL)- 

Consider the first two terms in the parenthesis in (4.12). From Thorem 2.9 we 
know that \\vn — w|||,p — >■ as n — >■ oo, while the second term in (4.12) vanishes 
as n 00, for example, by the Cauchy-Schwarz inequality. Therefore (4.12) 
can be written as 

\\V\vn+i - u)\\l^ < C^,j,,,, (A„ + \\T\vn - u)\\l^) , (4.13) 

where A„ — >^ as n — >^ oo. Choose /3 sufficiently large such that C^^p^^i < 1. 
Then (4.13) implies that 

lim \\T\vn+i-u)\\l^p = Q. 

This finishes the proof. □ 

To state and prove the result for derivatives of higher order, we need to 
introduce some notations and prove some preparatory lemmas that will be stated 
next. 

4.2 Preliminciries 

We know that the mth derivative of Vn{t, x), if exists, belongs to L'^{E^~^^ x fi). 
Recall that L^'^ = T)^'^{EJp+'^ x fl). Let a = denote an element in E^. We 
can write 

a = ((Sl,2/l), • • • , {Sm,yni))- 

Let s := max{si, • • • , Sm}- If i € {1, ■ • • , m} is so that Si — s, then we let y 
denote 2/i and dm := ((si, j/i), • ■ • , (si_i, t/j_i), (sj+i, y^+i), • ■ • ,{sm,ym))- Note 
that am 6 EJp-'^. 

If we think of a = am as a set of m pairs a = {(si, yi), • ' • ,{^m,ym)}, 
instead of an ordered m-tuple, then the partitions of a are defined. Let 'P™ := 
the set of all partitions of a Eip. 

If p = {pi, •••,/?;} e T'™, then let \pj\ denote the cardinality of pj, where 
j = l, Clearly + •■• + |p, I ^ m. If p = {pi, • • • , p,} e P™, then 
D^p.^F makes sense for j = I,-- - ,/. For example if p\ = {(si, yi), (ss, 2/3)}, 
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then D^P.'^F = Dl^,,y,)(s,.,v,)F- Furthermore, if p = {pi, ■■■ ,pi}& P™, then we 
introduce the new notation DPP, and define it by 

£>^F := £)lf/ 1 F X • • ■ X Dji;' I F. (4.14) 

Notice that 

IID^FII^.^™ = ntiP'^-'i^lli/^iP,!- (4.15) 

Fix Z < m and let PJ" denote the set of all p e such that \p\ = I. Trivially 

We let TP. yV to denote the if^norm of DPv{t, x) i.e 

Tl^^v=\\DPv{t,x)\\H^,.. (4.16) 

If /9 denotes the only member of i.e., p = {{(.si,yi), • • • , (s/c,yfe)}}, then 
write r™^w instead of V^^v. 

The following lemma allows us to approximate ||cr(t;„(f, a;)||fe_p, where || • \\k,p 
denotes the norm on D'^'*'. 

Lemma 4.5. Assume a is smooth and hounded together with all its derivatives. 
If F e np£[i_oo)D"*'^; then so is (t{F). Furthermore, for a e E^, 

m 

D::a{F) = Y,^^i\F) J2 (4-17) 

where Vp is the set of all partitions of a, comprised of j components pi, • ■ • , pj, 
and a'^^^ denotes the jth derivative of a. 

Proof. We can easily prove this for the smooth functional by induction, and 
then extend the result to F e flpg [1^00)0"*'^ by approximation by the smooth 
functionals. □ 

Lemma 4.6. Let a G Eip, and p = {pi, • • ■ ,pi} € V™ denote a partition of a. 
Let U{t, z) and V{t, z) belong to np>iD'"'^' for almost all r, z and \\^^^^^V\\i3^p < 
oo for all p > 1. If a is bounded and smooth with bounded derivatives of all 
orders, then 

rn 

l|r'"a(^)||^,^ < ||r-v-||^,^ + ^ ^ n^=il|ri^^iv^||;3,,>. (4.i8) 

Furthermore, if \\r^''^^U\\is^p < oo for all p> 1, then we have 

m 

(4.19) 
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Proof. According to (4.17) we have 

rn 

where C = sup2;{(T(a;), cr'(a;), •• • ,a^{x)}. Then 

m 

Therefore, by the generahzed Holder inequality, 

m 

Multiplying both sides by e^*"/^ we get 

m 

< e^'-z^'iir- y|u.(n) + YI E ntie'5'-/^>||ri^iiF|U.>(a) 

j=2 pi-pjev"' 

m 

3=2 p^.-.p^er^ 



Therefore, 



||r'"a(y)||^,, < C \\T^V\\p,, + Y, E ^i=i\\^^''M\0,3P ■ (4.20) 
The proof of the second statement is similar, if we observe that, 

D{(j{V) - (j{U)) = X] E - U)) + [<J^{V) - a\U)]DPW. 

j=i pevp 

In this case, the constant C in (4.20), is replaced by C" = C V Lip^, V • • • V 

The following lemma explains the method that we use to prove a random 
variable is in D'^+^'P, when we know it is in D'^'*'. 

Lemma 4.7. Let F e D'^'P satisfy D^F G T>^'P for almost all a £ Et- If 
E\\DD''F\\H»k+i < 00, then F G D''+^'P. 
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Proof. To make the notation simpler, we prove the lemma only for k = and p = 
2. In this case we have F € D^'^ and DF G r>^''^{L'^{T)). By Proposition 3.2 
we need only to show that 



^ n(n- 1)11 J„i^||i.(0) (4-21) 

n=l 

Since DF e T)^'^{L^{T)), then 

OO 

n=l 

Since F e D^'^, then {DJnF,h)L2(T) = J„-ii{DF,h)L2(T)), then 

||-^n-DF|||2(nxT) = E|| Jn-D-F||i2(r) = mDJn+iF\\l2^T) = in + 1)11 J„F||2. 
For the proof of the last equality we refer the reader to [7] , Proposition 1.12. □ 

Lemma 4.8. Let V{t, z) e np>iD™+i>P /or almost all r, z and let ||rl^^ly||;3,p < 
00 for all p> 1, where p = {pi,--- ,pi}e P^+i. For a e let 

fo,{r, z) = qt-r{x, z)D'^a{V{r, z)). (4.22) 

Then fa G L^'^. 

Proof. We need to verify that the three conditions mentioned in Remark 3.5 
hold for /„. 

1. By Lemma 4.6, \\T"'a{V)y^2 < oo. Then 

nUhiErmda = E /* r ql_,{x,z) f \D':a{V{r, z))\^dadzdr 

Jo Jo JEjp 
t r^TT 

,2 /„ ..Mrir-nm _/t/m2. 



/O Jo 

< 



qt_,{x,z)¥.[T^^,a{V)Ydzdr 

f r ql_,{x,z)eP-\\T^CT{V)\\l^^dzdr < oo. 
Jo Jo 

This also means that ||/a||i2(£;^xn) < °o almost all a G Et- 

2. fa{r,z) e because V{t,x) G D^+i.^ 

3. Since ||r'"+V(y)||;3,2 < oo, then 

/ Ep/„||2,(^,^^)da (4.23) 

= E f r ql_^{x,z) I \D,,yD^a{V{r,z))fdXdzdr 

Jo Jo JEr^+'^ 

= f r qU{x,znT^+'a{V)Uzdr 
Jo Jo 



10 Jo 

< [ [ \jl,(x,z)e''^-\\T"^+'aiV)\\l,dzdr <<x>, 
Jo Jo 
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where d\ = dadyds. The last result also shows that Dfa G L'^{E^ x fl) 

for almost all a E Et- 

Therefore fa G L^'^ for almost all a. □ 

Lemma 4.9. 7/ V and /„ are as defined in Lemma 4-8, and satisfy the same 
conditions, then Dg^yfa & DomS. 

Proof. Applying Fubini's theorem to (4.23) yields, 

\\Ds,yfa\\L^{ETxn) < 00 for almost all {{s,y),a) € EJp+^. 

Since Dg^yfa is adapted and belongs to L'^{Et x J7) for almost all {s,y) and a, 
then the ltd integral of Dg^yfa is defined and coincides with 5{fa)- □ 

Lemma 4.10. IfV and fa are as defined in Lemma 4-8, and satisfy the same 
conditions, then for each a G Eip 

/ / Dfa{r,z)w{dr,dz) e L'^{Et xn). (4.24) 
Jo Jo 



Proof. This follows from Burkholder's inequality: 



E 



< 



t r2iT 



Jo 



L (■2tx 



Jo 



Dfa{r,z)w{dr,dz) 



dyds 



E r r qlA^,z)\\DD^a{vN{r,zmldzdr. 
Jo Jo 



To show that the last expectation is finite for almost all a € Eip, we take 
integral with respect a, and then Fubini's theorem implies that 



E /* r qtr{x,z)\\DD^cT{vN{r,zm%dzdrda 
™ Jo Jo 

E [ [ ql,{x,z)\\D^+^a{vN{r,z))\\Um+idzdr 
Jo Jo 

f r q^_,{x,z)e^r^MyN)\\l2dzdr < oo. 
Jo Jo 



< 



Among other things, this proves that the integrand is finite for almost all a. □ 

Lemma 4.11. Let V and fa be as defined in Lemma 4-8, and satisfy the same 
conditions. Define 

Fi{a)= I I fa{r,z)w{dr,dz). (4.25) 
Jo Jo 

Then: 

1. Fi{a) e for almost all a G EJp; 
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2. DFi is given by 

D,,yFi{a)=fa{s,y)+ / D,,yfa{r, z)w{dr,dz); (4.26) 
Jo Jo 

3. We have 



E{\\DF,r^^^+,) <oo. 



(4.27) 



Proof. After proving Lemma 4.8, 4.9 and 4.10, we know that Fi{a) satisfies the 
assumptions of Proposition 3.6. Therefore, it is an immediate consequence of 
Proposition 3.6 that Fi{a) G D^-^ and (4.26) holds. We finally prove (4.27) as 
follows. By the Burkholder's inequality. 



E(||i^i|IWO=E 



/ / qt-r{x,z)D"'+^a{V{r,z))w{dr,dz) 
Jo Jo 



< CpE 



Jo 



ql,ix,z)\\D"^+'a{V{r,zml^^+,dzdr] 



p/2 



Therefore, by Minkowski's inequality, 

rt /.27r 



{E{\\F4%^,,)y/'<c'J^ [ [ ql,{x,z)mr:;::+'a{v)n'/pdzdr. 

Jo Jo 



Therefore, 

J 

(4.28) 

After rearranging and choosing a new constant, we arrive at 

{e-'5*£;||Fi||^«„^,}'/^ < Cp||r-+V(y)||^,pyT(2:9M- (4.29) 

This ends the proof. □ 

Remark 4.12. // we define a random variable Fi := llJiUfl-gm+i, then the 
(4.29) can be written as 



< Cp||r"+V(y)||;3,pVT(2^/p). 



(4.30) 



4.3 The kth derivatives of the v„'s and the smoothness of 
the solution 

Proposition 4.13. Let w„ be defined by (2.24) for n = 0, 1,---, where a G 
C^(R) and qt{x) satisfies hypothesis HI. Then Vn € D'^'^ for k = 1, 2, • • • and 
p>2. Furthermore if a £ E^, then: 
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1. D'^vo = and 

Dlvr^+i{t,x) = qt-siy,x)Dl-^a{vn{s,y)) 



(4.31) 



JO 



qt-r{x, z)D^a{vn{r, z))w{dr, dz); 



2. For some C > which only depends on p: 



•n+i\\ip<CT{2p/p){l + \\T"^+'v4lp) 



3- Ifp= {Pi,--- ,Pi}, then 

\\TPVn+l\\f},p < U^j^^\\TMvn+l\\ip,lp < 00. 



(4.32) 



(4.33) 



Proof. Wc proceed by applying induction on n and k. When k = 1 and a = 
{s,y) = a, wc liavc shown in Proposition 4.3 that aU above claims hold. Next, 
by assuming that the claims hold for all n > and k — I, ■ ■ ■ ,m, we will prove 
that they also hold for m + 1 and all n > 0. Since D'^+^vq = 0, (4.32) and (4.33) 
hold for n = 0. Suppose the claims hold for n = 0, • ■ • ,N. To prove the claims 
for A'^ + 1, notice that by Lemma 4.6, 

-1771+ 1 



Then by Lemma 4.11, ^ qt-r{x, z)D'^a{vn{r, z))w{dr, dz) belongs to D^'^. 
If we let 7 = ((s, y),a) G EJp~^^, then after relabeling 7, we have 

7 = ((Sl, 2/1), • ■ • , {Sm+l,ym+l))- 

We let s = maxjsi, • • • , Sm+i}, and define 7 and y accordingly. Then by (4.26), 
D:!;+\N+i{t,x) = qt-s{x,y)D^VN{s,y) (4.34) 

l<L r-2-ir 

+ qt-r{x,z)D'^+'^a{vN{r,z))w{dr,dz), 
Jo Jo 



where we applied the fact that Ds^yfa{r,z) = if s > r. By the triangular 
inequality for the norm. 



I 

"1+1 /.* /.27r 



1/2 



12 II ■■■II <ll-sM^yj) D:!^^a{vN{sj,yj)) 

J = l V ^ / 

m+1 times 

/* r ql_^{x, z)D"'+^a{vN{r, z))w{dr, dz) 
Jo Jo 



sj{l)dajdyjdsj 



J 
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where 7i = ((«!, yi), • ■ ' , (sj-i, yj-i), (sj+i, 2/j+i), • ■ • , (^m+i, ym+i))- Notice 
that 7 = 7j when s = Sj. Ah the integrals inside the sum are equal, and by 
omitting the indicator function l|=s^(a) we arrive at 

f I ql_,{x,z)D^+^a{vN{r,z)w{dr,dz) 
Jo Jo 



+ 



Then, by the triangular inequality for the LP{fl) norm, followed by Burkholder's 
inequality applied to the second integral on the right-hand-side. 



r"*+^,>. II 



< (m + 1)1/2 |e {^f^ j\l-s,{x,yi) \K,,y,a{vN)\^ dy^ds^ 
ql,{x,z)\r^+'a{vN)\^dzdr] i . 



p/2- 



1/p 



If we square both sides of the last inequality and then apply Minkowski's in- 
equality to the both integrals on the right-hand-side, then we obtain 



t p2-K ^ 

ql-r{x,z) ||r™+V(wAr)||^^^^^ dzdr, 



JQ 



where Ap = 2(m+l)y2C} ■ (^-5) ^^"^^ 

A, \\r^+\^+4l^^^^ < (l|r"aK)||^^^ + ||r™+V(^^)||JJ 

X /* / ^ q^_^{x,z)e''^''/Pdzdr. 
Jq Jo 

By optimizing on all t > 0, for some constant Bp > which only depends on p, 
we have 



VN+i\\l^ < Bp (\\T^a{vN)\\lp + l|r'"+'^(^^)ll',p) T^(Wp)- 



Therefore, (4.18), and the induction hypothesis (4.33) for n = N, imply that 



r™a(t;jv)||« < oo. Therefore, by choosing a constant C > sufficiently large. 



we obtain 
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This proves (4.32) for fc = m+ 1 and all n > 0, in the sense that Ujv+i(t, x) G 
D™+i>P, for all p>2. 

The proof is not complete yet, as we need to address the case that p ^ ctm+\- 
Let p = {pi, ■■ ■ ,pi}. Since by definition 

DPVN+I{t, x) = DlP^'^VN+l{t, x)--- DlP'^VN+l{t, x), 

then 

E\\D\p\vN+i{t,x)f^^^^, 

= E(|iZ?l''^lz;^+i(i,x)||^^,„,---pl'"lz;^+i(t,.T)|l^^„,,), 

where, I > 2, and + • • • + = m + 1. Then by the generalized Holder's 
inequality. 



{E\\DMvN+i{t,x)rj,^^+,}' <E\\Dip^^VN+i{t,x) 



\h<S\pi\ ^ 



Equivalently, 

We optimize, first the right-hand-side and then the left- hand- side of the latter 
inequality over alH > and a; G T in order to find that 

IW'vN+lWl^p < \\T^P'^VN+lh,lp - ■ ■\\r^'"^VN+lh,lp. 

If we replace /3 by 1(3, then we have 

WTPyN+i h,p < \\T\'"^VN+i \\w,ip ■ ■ ■ llrl"' 

= n^-=il|rl«it;jv+i||;,3,;p<oo. (4.35) 

Therefore, u„ G D™~^^'P for all n. This finishes the proof. □ 

Remark 4.14. Similar to what we did in Proposition 4-4! we can iterate (4.32), 
and choose /3 > sufficiently large to obtain 

supE||£>™t;„(i , 2;)||^ig,TO < 00, 

n 

which in turn implies that 

sup \\Vn{t, X)\\m,p < 00. (4.36) 
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4.4 Proof of the Theorem 4.2 

Wc prove Theorem 4.2 by applying induction on the order of the derivative k. 
In Propostion 4.4 we showed that u S D^'^* and its derivative Du satisfies (4.1) 
for k = 1. 

Assume now that u G jy'^-P < oo for allfc<m— l,p> 1 and the fcth 
derivative D'^u satisfies (4.1) for A: = 1, • • • , m — 1. This together with (4.36) 
imply that u{t, x) € D"*'''. Next we show that (4.1) also holds for k = m. This 
proof is basically repeating what we did for the proof of (4.32), and therefore 
we avoid going through the details. Define 



al{t,x) = {e 



p 



cl{t,x) = ^||r™ (t;„+i-u) llip(f^), 
blit, x) = [e \\qt_.{x, *)D™-i(a(^;„(., *)) - a{u{., *)))\\%^ } 

/ / (It-rix, z)D'^{a{v„{r, z)) - a{u{r, z)))w{dr, dz) 

Jo Jo H<S" 

The goal is to show that lim„_^ooSupo<t<7'Sup^g-j.c^(f, x) = 0. By the trian- 
gular inequality, 

cl{t,x) < bl{t,x)+al{t,x), 

A similar argument as the proof of Proposition 4.13 leads to the following bound 
on 6„: 

e-^^'/''bn{t,xf < m||r"-i(<7(t;„) - a{u))\\l^T{2p/p). 

Finding an upper bound for a„(t,x) is similar to what we have done for Fi, 
which led to (4.29). For a„ we have 

e-'^'/^alit,x) < C,\\T"^{a{v„)^a{uml^Ti20/p). 

Another application of (4.19), together with the induction hypothesis shows 
that 

e-^^'/Pal{t,x) < (A„ + ||r-(^;„ - «)||| J T(2/3/p), 

where A„ is independent of t and x, and A„ — >■ as n ^ oo. Therefore 

e-2WPc2(t,a;) < i^p,„(e„ + ||r™(^;„ - u)\\ljr{2p/p), 

where Kp^„i — max{Cp,m} and 0„ is independent of t and x and 0„ — > as 
n — >■ 00. Therefore, by choosing (3 sufiiciently large so that Kp^m'^{2j3 /p) < 1, 
we have 

||r™(t;„+i - u)\\Ip < Ck,mA(^n + ||r"(^;„ - u)\\Ip). 

The latter inequality implies that ||r'"(ii„ — u)||^ ^ — >■ as n — >■ oo which is 
equivalent to want we wanted to prove. 

Remark 4.15. The value of /3 transfers through the induction steps; i.e., its 
value in the mth step must be at least as large as its value in (m — l)th step. 



2/p 
2/p 
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5 Analysis of the Malliavin Matrix 

Next wc study the _LJ'(51)-integrability of the inverse of the MaUiaviii matrix. 
Hero is the first place wliere we use the second assumption, Hypothesis H2, of 
this paper, which asserts that there are 1 < a < /3 < 2 and < Ci < C2, such 
that 

Ci\n\" < Rc<P{n) < C2\nf ■ 

When (1.1) is linear, we know that if ,5 < 1. then a solution does not exist. 
The case that cE>(n) = is well known [1]. In this section, we want to show 
that for every {t, x) e Et, and p > 2, 



E{\\Du{t,x)\\-P) < 00. 
Lemma 5.1. Let u he the solution to SPDE (1.1). Let p > 1. 
1. If we define 



V{t)= sup E ( / / \Ds,yu{t,x)\^dyds 

xe[0,27r] \J0 Jo 



then 



2. If we fix t and for any S € {0,t) define 



W{6)= sup E / / \D^^yuit,x)\'^dyds 
xe [0,271-] \Jt-sJo 



then 



Wi6) < Ct,p(5("-i)p/2° 



(5.1) 



Proof. We prove only the the first part, as the second part can be proved simi- 
larly. Because 

Dsyu{t,x) = qt-s{x,y)a{u{s,y)) + / / qt-r{x,z)Ds,ya{u{r,z))w{dr,dz), 

Jo Jo 



it follows that 

\\Du{t,x)\\H <Up, 

+ LiPa' 



qt_^{x,y)dy\ 



Jo 



t r2-K 



JO 



qt-r{x, z)Ds,yu{r, z)w{dr, dz) 



1/2 



dyds 
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If we let Co- = max{Lip^,Lipg.,}, then by (2.16), 



-^\\Du{t,x)\\H<C„t^o 



t ,-2-n 

./o 



t /.27r 







qt-r{x, z)Ds^yu{r, z)w{dr, dz) 



1/2 



dyds 



If we let C = {2Ccr max{Ca, 1})^, then take the expectation of the pth power to 
get 



^E\\Du{t,x)r^<t'^+E 



t /.2ir 



// 

Jo Jo 



qt-r{x, z)D{u{r, z))w{dr, dz) 



H 



where II • 1 1 if denotes the Hilbert space norm with respect to variables s and 
y. Then by Burkholder's inequality for the Hilber-space-valued martingales we 
have 

E\\Du{t,x)r^<t^ +e( / qtr{x,z)\\D{u{r,z))\\ldzdr] , 

^p,a \Jo Jo J 

where the constant Cp,o- depends on p through the Burkholder's inequality. 
Next, by observing 

(^,_Ax^z)\\D{u{T,z))fH = qS^{x,z) (ql,{x,z)\\D{u{r,zm%] , 



we may apply the Holder inequality to obtain 

I / qt^{x,z)\\D{u{r,z))fHdzdr<( / qtr{x,z)drdz 
Jo \Jo Jo 



(p-2)/p 



1^ qU{x,z)\\D{u{r,z))r„dzdr^ . 



Another application of (2.16) yields 

f r ql_,{x,z)\\D{u{r,z))\\\dzdT 
Jo Jo 



<C^,at^^^^^ ( j\l_Ax,z)\\D{u{r,z))rHdzdr 



p/2 



Then, for a new constant C, we have 
1. 



C 



n\Du{t,x)r„ 



<t^ +C\ J''"l'^"' f r ql,{x,z)E\\D{u{r,z))r„dzdr 

Jo Jo 



(a-l)P (p-2)(a-l) 
< +t ^ 



/ sup E||D(M(r,2))||^(i-r)-i/"rfr. 

Jo «e[0,27r] 



26 



Then 



T,/ N ^ I (<»-l)P (p-2)(a-l) 

V{t) < c + 1 — ^ — 



f V{r){t-r)-^/°'dr^ . 



Next, apply Holder's inequality to the integral on the right in order to find that 

J^V{r){t-r)-^/°'dr<(^J^V{rf'dr^ (/ ~ ^^"''^") 
where pi = {a+ l)/2 and gi = (a + l)/(a — 1). Because qi/a < 1, 

Therefore there is C such that 

v{t) < c (^t^ {ly^'^^'^'T^) ■ 

Consequently for some (7 > 0, 

+t^^ — - J V{r)P'drj . 
Again, since <t <T, then we can choose C such that 

V{t)P' < C (^ ^"^^l""' + ^ V{rY'dT^ . 

Then by the Gronwall's lemma we have 

V{t) < Ct^^. 

This concludes the proof of (1). (2) is proved similarly. □ 

The following corollary is an estimate on the Malliavian's derivative of the 
solution of the equation (1.1). 

Corollary 5.2. Let u be the solution to the equation (1.1), and the Levy 
exponent corresponding the differential operator C Define 



t /■2tx 



t-s Jo 



ft pIlT 

I I Qt-r {x, z)Dsy(j{u{r, z) w{dr, dz) 
Jo Jo 



2 



dyds, (5.2) 



where q = qt{x) is the transition density corresponding to C If the $ satisfies 
Hypothesis H2, then 
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Proof. By the Burkholder's inequality 

/.* /.2-n- /.* /.27r 



E(|/,n = E 



nt nllZ pt p2,7T 

/ / / / qt-r{x,z)Ds,ya{u{r,z))w{dr,dz) 

J t-S Jo J s Jo 



dyds 



J t-S Jo \Jt-5J0 



■r n2-K 



\Dsyu{r^ z)\^dyds \ dzdr 



Raising to the power 1/p and applying Minkowski's inequality gives us 



t ,-2t: / ,-r r^TT 

.2 



t-S Jo 



t-S Jo 



\Ds^yu{r, z))\^dyds I dzdr 



{E(|/,n}^/^<cy^Lip^|E 
<cy^Wa(f r ql{z,x)dzdr\ sup |e f \D,^yu{r,z))\^dydi 

\Jt-sJo J (r,z)e[0,i5]x[0,27r] Jt-SJo 



Then, by (2.16), and Lemma 5.1, 



Ed/^n < c 



,.S ,2-K \P 
.2 I 



Jo 



q^{z,x)dzdr 

rt r27T 



X sup E 

(r,2)e[0,5]x[0,27r] 



/ / \Ds,yu{r,z))fdyds 
J t-S Jo 



□ 



Finally we quote from [2, page 97] a lemma which allows us to put together 
the results of Lemma 5.1 and Corollary 5.2 and prove the existence of the 
negative moments (5.1). 

Lemma 5.3. Let F he nonnegative random variable. Then property (5.1) holds 
for all p > 2 if and only if for every q G [2, 00) there exists cq = eo{q) > 0, such 
that 

Pi\\Du{t,x)\\l<e)<Ce^, 

for all e < eg. 

Proof of Theorem 1.1. We need only to show that (5.1) holds for every (t, x) G 
Et and all p > 2. Let q = qt{x) be the transition density corresponding to 
and C Since 

qt-s{y,x)a{u{s,y)) = Dsyu{t,x) - / qt-r{x, z)Dsy(j{u{r, z))w{dr,dz), 

Jo Jo 

considering the fact that a > c > 0, then 



c 

\DsyU{t,x)\^ > —qt-s{y,x) - 



pt p2-!T 2 

/ / qt-r{x,z)Dsya{u{r,z))w{dr,dz) 
Jo Jo 
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Therefore 

rt <.27r 



fZ /"ZTT 

\\Du{t,x)fH> / \Dsyu{t,x)\'^dyds 

Jt-5 Jo 



g2 rt /•2tt rt r2iT I't /•2Tr 

/ <ll-s{y^x)dyds~ j I j j qt-r{x,z)Dsy(j{u{r,z))w{dr,dz) 

^ Jt-5 Jo Jt-5 Jo Jo Jo 



> 



2 



dyds. 



If we let r = f — s in the first integral on the right, then we get 

\\Du{t,x)\\\>Js-l5 V5G(0,t), 
where Is is defined in (5.2) and 

Js-=-^ J \\Qu\\L^{T)du. 
If we choose ^ > such that Js — €> 0, then by the Chebyshev's inequality 
P{\\DsyU{t,x)\\l <e)< P{Js -l5<e)< 



Then, by Corollary 5.2 and (2.16) we have 

Ci (52(a-l)p/a 

Pi\\Du{t,x)rH<e)< ' 



(|j(/3-i)//3_e)p' 

Take 6 = (4e/C)^ to get 

P{\\Du{t,x)\\%<€)<Co,yp, 
where 6 = "^^{^-i) ~ 1 > 0- This and Lemma 5.3 complete the proof. □ 
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